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ABSTRACT: In this present paper | concerned the equation W)W = Ag" (X)W,

3
2 () = J(x=%)"d,(x).0 < x; < X, <Xy <1,
i=1 with three turning points and Neumann conditions

WO =W@=0. | have obtained the asymptotic eigenvalues when X € (X, Xp). .
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INTRODUCTION

Let consider the boundary value problem of the form

~W’ +q(X)W = A (XYW for xel=[0,1] €
2 2
where /'t—p is the spectral parameter; ¢ (X)and q(x) are real functions. We suppose that

¢*(x) =H(X—Xi)" % (X) )

where, 0<x <% <X <1,l; eN, 4,(9>0 for X€1=[0,1 zng %(X) is twice continuously differentiable

i=1,2,3

2 2
functionon | .on other words, #"(X) has in three zeros X of order Ii,the Zeros X; of ¢ (X) are called

turning points. In this section we obtained the asymptotic eigenvalues of equation @ in three turning points with

Neumann conditionswl(o) =W'@) =0

Notations
In the real second-order differential equation

W’ +q(X)W = A (X)W for xel=[0,]] ©)

lL,i=1,2,3

2
¢ (X)has in I , there zeros X; of order i where, Il is even, IZ is odd and |3 is even. Let

>0 be fixed sufficiently small and let
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i=1,2 D,, =[x +¢,1]

L, =[x +e, X —elulx —¢, X, 1VIX,, .

D, =[x+&, %,-¢l, (4)
Xis1 _‘9]'

In [1] distinguished four different type of turning points: for 1<sv<m

I if I, iseenand ¢ (X)(x-x)"<0 inl,,
o ] if I, iseenand ¢’ (X)(x-x,)">0 inl,,
"l i1, isoddand  #*(X)(x—x,)* <0 inl,,
IV if I, isoddand  #*(X)(x-x)">0 inl,.

We know from [1] that Xy is type of | , X2 is type of vV and X is of type I

1
2+1

Hi = , O=min{u, , p, , 13}

The sectors S-l is in form of

T
S,={plagpe [_Z , 01}
We use for convenience the abbreviations
1
[]=1+ O(—g).
Yo,

The fundamental system solutions for xel=[0,1]

Now, let W(X ! ’1) be the solution of equation @ . The fundamental system of solutions (FSS) for equation @

Xy can be represented in the form (see [1] page 219)
pPES,

, when

since %) is type of ' , we have the following FSS for

L et
1 |¢(X)| 2€ ’ [1] Xe Dv—l,s
WV1 (X ] p) = 1 . J.X ‘¢(t)‘dt i J-x ‘¢(t)‘dt (5)
600 zescrude ™ M+icoszue ' [} xeD,,
L ip[" gt ) ip[" |4)dt
.. 0] 2e " icos e xeD,
W, (x, p)= ) o] (6)
il = t)|dt
00| 2(sinzpe D) xeD,,
A w!
if Xvbe a turning point of type |, then the estimates for = ¢, p) W, (X, P) are obtained from the

corresponding estimates for

is type of | whit sector

W, (x, p) , W, (x, p)

S, are the following form

by substituting there in P by P The FSS of @ for Xy that
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1 pjjl\qﬁ(t)\dt

W, )= p(x)| 2e [1] 0<X< X, 0
| |¢(x)|’% csc ,ulepj*lwt)‘dt[l] X, <X <X,
,% fpj:lw(t)\dt
W,.(x, p)= B(x)| 1 e [1] 0<x<X -

], [ow]at

()| 2sin 7 e [1] X, <X<X,,

The Wronskian of FSS satisfies in following formW(p) :W(Wli (X ’ ,0) ' W2,1 (X ) ,0)) = —2/7[1]-

’ _ ’ _
Asymptotic form of the solutions for WO =wW'@=0

Let us consider the differential equation @ with following boundary conditions

C(0, A)=1,C'(0, 1) =0. ©)

Vl,l(x , P) ’V2,1(X o) for xel

By applying the FSS L2 we have

C(x,p)= C1W1,1 (X, p) +(:2\/\/2,1 (X, p) _
By derivation from C(x, p) we can write
C'(x, p)=cW/(x, p)+cW,, (X, p) for xely,

{C(X , ) =CW,, (X, p)+CW,, (X, p) {C(O , P)=CW,,(0, p)+cW,, (0, p) :i

! 1 ! : ! ! ! (10)
C'(x, p)= C1W1,2 (X, p) +C2W2,1(X ) C'(0, p)= C1W1,2 ©, p) +C2W2,1(0 , p)=0

We infer by using Cramer's rule leads to the following equation

CX, p) = o (W, (X, WL (O, p)-W5 (0, P, (X, ) 1
W(p)

where, W(p) = _2/0[1].

Derivative of solutions and asymptotic eigenvalues

2
Let us consider boundary value problem L =L@ (). a(x).b) for equation @ with boundary conditions

C(0, A)=1,C(b,A)=0,C(0, 1)=0 w2

The boundary value problem L for be (x,X,) has a countable set of positive eigenvalues.

Xe (X, X;)

Now for fixed and use (7),(8) we determine the connection coefficients T.(p) . T2(p)

1454



J Nov. Appl Sci., 3 (S1): 1452-1458, 2014

Cx, p)=T, (p)Wl,l +T, (p)WZ,l =C'(x, p) =T,(p) 1,'1 +T, (p)W2,|1'

P, lowjat

[

1 o[ Jp]dt
W, (X, p) =|p(x)| 2sin 7 e 2 [1]

1
W, (X, p) =|p(X)| 2 csc 7 e
For, X <x<X,=

p[ lpm)dt 1
e (x p) =0 2 cse A

(x, p)

Let consider,

The derivative of W is following form

WL, p) = s Go00) 2 A 0] <A

By use of fundamental theorem the derivative of A is as follow

A'= g (eile‘””‘“[llJ - PP(0B
@9

“lp)]dti”
B e "y

So Wi (%, p) is in following form

C =(¢(x)| 2)',D =[p(x)| =W/, (x, p) = pcscﬂul(%CA +DB)=

At last
' 1
Wi, (X, p) = pCSC”ﬂlDB(l"‘O(_)j
P
, o[ Jp)at 1
W/, (%, p) = pescz p|p(x)e 1] 1+0()

|, lolat

[

1
W, , (X, 0) =|¢(X)| 2sin 7 e
Similarly the derivative of 24(%P) =[(x) TH
is as following form so, Let us suppose

Wi, (x,p) = peso 7 DB =) =5 W, (x,) =pcscfwlos(1+0(i)J
P P

W, () =cscw{(|¢(x)|‘§)'A+p|¢(x)|B]=pcsc7w1 (%(|¢(x)|‘i)'A+|¢(x)|B}

(16)

7
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e " = M= plgtale L 1= g0 =W, 06,0 =[] 2sin 7 M

M =

W, (X, p) =sin ﬂﬂl[(|¢(X)|_2)’M +g(x)| 2M j =

sin 77 u, (KM -M |¢(x)|;] =sin ﬂﬂl(l KM — ML]

P 18)
K =(g(q| 2)',L=-|¢(x)|2
W, (x, p) = psin nul(ML)[l—i(ﬁ)j = psin nul(ML)(1+0(1)J
’ p L p

Finally W;1(% ) is in form

—pfl\af(o\dt[

W, (%, p) =—psin HM(ML)(l—%(%)j ——psin 7 14 (e 1]¢(x)3)(1+0(%)j 19

Hence we have estimated the solution of (1) defined by the initial condition (9) and Cramer's rule to determine the

connection coefficients Tl(p ) ! T2 (,0 ) with

(20)

C(x, p) :Tl(p)Wl,Z (x, p)+T, (p)WZ,l(X , P) :>1:T1(p)W1,2(0 , P)+T, (p)Wz,l(O , P)
C'(x, p)=T, (p)Wlfz X, p)+T, (p)VWZ’,l(X , P)=0 :Tl(p)Wlf2 O, p)+T, (p)Wzl,l(O ' P)

' (0, . 1 o lsw)dt
() =220 ) gin g2 e 7 [1])[1+0(1)] 21
—2p[1] p
_W,0.p) 1 o oo 1
L= - 4O cscm(e [1]] (1+0(p)j
T,(0) = 4 A0V 5o 4Ty Tu() =—sin 7 4l HO) T, (22

r- (epjfl¢(t)dt[l]] - (epﬁm)dt[l])(“ o 1 )j
P
L= (epquzs(t)dt[l]_ e—pfi ¢(t)dt[1]](1+ o( 1 )} L=’ jfl\aﬁ(t)\dt[l])
P

. L , 1 1
Wzl,l(xl p) =—psin 7T/U1|¢(X)| 2, Wl,z(xa p)= EPCSC 7[/11|¢(X)| 2y (23

By substituting (23)and (22) in (20) we obtain the leading term as X Afollows
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C'(x, p)

Now must to determine the value of

®)d “p()d —p[ pwldei®
- >[I m-e 4[11](“0(1)1
Yol

—p[[s)a “pldt o[ lpo)ldeiT
=" tm)(epf“ ol AJ(“O&)
e,

’
By applying Cx, p) =0, consequently

Lol

[11=

L, = "

20 [ lo0et

, 1 1 L. 1
C'(x, p)= _Z|¢(O)|2 csc 7 I 2ipsin 7 p4|¢(x)| 2T, —

1. 1 1
S sin 7 | $(0)| 2 Lip esc 7 pu|p(X)| 2T, =

1 L
= E|¢(O)|2pSIn 7 esc o (LI +1T).

LLI;andl I,

1A +F1F4:0
o[ 1p1dt “|g(t)]dt o[ p)dtiZ
= e )(e’”Ll - O 4[1]}

[ it p[lowlat o[ lpwjat
e ™ [)e ™ -—e™

pf:lw(t)\dt 3 e—p_[xxlwt)\d t) (epj:l\¢(t)\dt

[

0
(eij1\¢(t>\dt

[

)=

0 0
(e‘PW“)““ B ePLJW)‘dt

)

29[ [o(0)at

)

29[ o]t

~)=@-e ="

20 [ Jo0t

~1+0(-)=> K =1-¢

2o( |o()|d
epj;l\ t)| t—l o)
2o |#(0)]d
XL:]-'FO(E):L:LZQPJ‘A ol t_l
2 t)dt
eleW)‘ _1 1% 1+O(*)
yo,
2o p()]d 2o p()d
K+0(L) el gk 1oty el
P P

(26)

(29

1. L 1 1 1 i 1
Ssin 7 w|p(0)| 2T, pcsc 7 | p(X)| 2T + §|¢(O)|2 csc 7 I psin 7 p|¢(x)| 2T, (24)
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Ln(K +1+O(£)J:O(ig):2pjxx |¢(t)|dt—i£—2kzzi (27)
P P ' 4
2[% p(t)ldt
By dividing (27) to 1 | obtained the leading term P as follows
i~ 4 2k . kel 1
P =5+ 0() =581+ O(;)
CO2gmdt " [t e
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